
1280 AIAA JOURNAL VOL. 27, NO. 9

How Gravity and Joint Scaling Affect Dynamic Response

S. T. Hsu,* J. H. Griffin,* and J. Bielakt
Carnegie Mellon University, Pittsburgh, Pennsylvania

If a scale model of a space structure is ground tested to establish dynamic characteristics of a full-scale space
structure, two factors need to be taken into consideration: the joint tolerances may not be scaled, and joint
preloads (from gravity) may be present. In some situations, these differences may significantly affect dynamic
response so that the model is not representative of the structure in space. In this study, joint effects are
investigated by considering the response of a single-degree-of-freedom system that is restrained by a joint
linkage. The joint is characterized by its initial stiffness, the load at which it slips, its hardening rate, and the
distance it can slip (joint "slop" or gap). The steady-state response of the system is calculated using a harmonic
balance approach. It is found that the system response is multivalued for certain ranges of gap dimensions.
When this is the case, small changes in system properties can lead to large differences in dynamic response and
make it difficult to obtain meaningful results directly from model testing.

Introduction

MANY engineering structures are subjected to motions in
which limited slip can occur between members. This is

frequently the case for bolted and riveted structures and can
also occur in joints found in space applications. Truss struc-
tures designed for space often are constructed with joints that
can rotate and lock into place. This allows the structure to
collapse into a compact package that is easily transported to
space and then expanded. Typically, this type of joint mecha-
nism is subject to limited slip behavior because of "slop" due
to machining tolerances. In addition, joint slip is usually
constrained by friction forces within the mechanism. This
means that the joint's motion is controlled by friction until it
reaches the end of the free play and then it is constrained
elastically. This type of nonlinear behavior can have a strong
influence on system response. In particular, because of the
limited slip or the "gap" aspect of the joint behavior, scaled
models of the jointed structure may not respond dynamically
in the same manner as the full-scale structure in space. This
may be the case for two reasons.

The first reason that a scaled model of a structure may not
have the same dynamic response is that tolerances in the joints
are not scaled. Typically, engineers wish to have joints that
behave linearly. Consequently, when designing the full-scale
joint they stipulate tolerances as small as possible to reduce
slop and the associated nonlinear behavior. When scale mod-
els of the joint are developed for testing, the same absolute
tolerances are stipulated since they cannot be reduced further.
As a result, the free play in the scaled joints is, on average,
significantly greater than in full-scale joints; consequently, the
model structure will exhibit stronger nonlinear behavior.

A second reason that a scaled model of a structure may
behave differently is that it may be tested under gravitational
loading that does not occur in space. Although there are
laboratory procedures for supporting two-dimensional struc-
tures (i.e., structures that have modes in which the motions lie
in a plane) in such a way as to negate gravitational effects,
they are not readily applicable to more complex, three-dimen-
sional structures. As a result, it is not possible, in general, to
eliminate gravitationally induced preloads in the joint. The
preload introduces a static displacement in the joint that tends
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to eliminate the free play in one direction. For example, the
joint may behave elastically in the direction of the applied
preload and slip only when motion occurs in the opposing
direction (in contrast to a joint without any static loads that
slips in both directions). From a dynamics point of view, a
joint with preloads tends to be effectively stiffer and con-
tributes less damping to the system. A goal of the current
research is to gain a better understanding of this effect.

This research considers the dynamic response of the
lumped-parameter system depicted in Fig. la. The friction
element can slide once the magnitude of the force reaches ^N.
The response of the nonlinear element that represents the joint
is indicated in Fig. Ib. Note that when the joint is stuck, it has
a stiffness of k\ + k^ whereas when it slips the force continues
to increase, but at a lower rate. (Frequently, a lower but
nonzero rate of increase is apparent in actual joint data and
may be associated with variable normal load effects. The
assumption that the normal load varies linearly with the mag-
nitude of the joint's displacement is used by Hertz and Craw-
ley.1) In this model, joint slip is limited by stops and, as a
result, the joint hardens elastically beyond a certain point. We
confine our research to the study of joints with these main
attributes. (An additional joint attribute that could be consid-
ered is microslip. Microslip can play an important role in joint
response when the excitation is small or when the normal load
is hight. For example, see Refs. 2-4.)

The remaining part of the space structure is represented by
the mass, spring, and dashpot in Fig. la that lies in series with

(b) Joint Hysteresis Curve

(a) Simple Jointed Structure

Fig. 1 System model.
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the joint and may be thought of as a single-mode approxima-
tion of the response of that substructure. It can be shown that
the system of Fig. 1 can be reduced to that depicted in Fig. 2
provided that the constants k, kd, nN, and 5/ are selected as

k =- d

(ks-
ks

d)

The system is subjected to a sinusoidal excitation and a
static preload in order to simulate the effect of gravity. This
system was chosen for examination because it is the simplest
system that exhibits the characteristics of interest, and yet, in
a modal sense, has implications to a broad class of systems.
This paper concentrates on establishing the steady-state re-
sponse of this system and on determining under what condi-
tions it exhibits multiple solutions.

The presence of multiple solutions is, in general, undesir-
able since the dynamic response of the system can change
abruptly for small variations in the input parameters. When
multiple steady-state solutions exist, the long-time solution
that the system achieves depends on the initial state of the
system. Consequently, when conditions exist under which
multiple solutions can occur, the transient response, as well as
the steady-state response of the system, can be extremely
sensitive to perturbations in either the system parameters or
the initial conditions. In addition, the presence of multiple
solutions can lead to vertical jumps in the frequency response,
and the jump can change depending on whether the excitation
frequency is increasing or decreasing. This type of instability
and its relation to vertical jumps is discussed by Den Hartog.5
Consequently, this situation can lead to difficulties in testing
and in analysis and should be avoided.

A general discussion of the procedures and difficulties asso-
ciated with the testing of space structures is given by Hanks
and Pinson.6 A procedure for testing joints and identifying
nonlinear mechanisms is discussed by Crawley and Aubert.7
Research on the response of systems with friction constraints
was summarized in 1980 by Plunkett8 and more recently in a
series of reviews by Jones9 and Beards.10 The dynamic re-
sponse of lumped mass/spring systems with friction con-
straints has received considerable attention in the literature.
Relevant examples of these include Den Hartog's analysis of a
single-degree-of-freedom system in which the friction element
is rigid/perfectly plastic,11 CaugheyVanalysis of an elastic/
perfectly plastic element,12 and Iwan's analysis of a friction
element with gaps.13 Den Hartog and Caughey's results show
that frictionally damped systems can have unbounded re-
sponse near resonance but that, in general, the response of
these systems tends to be relatively smooth and single valued.
Iwan shows that the addition of stops can lead to multiple
solutions. The system studied in this paper has viscous damp-
ing and, consequently, does not exhibit unbounded response.
It differs from the system considered by Iwan in that it has the

f0COSG)t + f,
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Fig. 2 Reduced system.

additional spring element with stiffness k (Fig. 2) and consid-
ers the effect of static preload.

II. Analysis
In this section, we describe our approach for calculating the

response of the system under consideration. In Sec. II.A, the
governing equation for the system is described. Its normalized
form is given to provide a basis for parametric studies. The
approximate method is introduced in Sec. II.B, and the equa-
tions for calculating the frequency response are derived. Sec-
tion II.C presents the procedure for obtaining resonant re-
sponse, whereas in Sec. II.D we show how certain limiting
frequencies and amplitudes are obtained.

A. Formulation of Governing Equations
The equation of motion for the system shown in Fig. 2,

which also represents the response of the original model (Fig.
1), is

d2(jc) dx = f0 (2)

where/! is the static load and/n the nonlinear force associated
with the friction part of the linkage in Fig. 2.

We use a Coulomb model of friction, i.e, the friction ele-
ment will slide once the magnitude of the force fn equals TV
multiplied by />t, the friction coefficient of the materials in
contact. The force/„ is a function of the mass displacement x.
When \x I < iiN/kd, where kd is the stiffness of the friction
element, the system is linear. When \x I >ij,N/kd, and the stop
distances d^ and <52 are sufficiently large, fn has elastoplastic
behavior. When the stop distances 6! and 62 are not suffi-
ciently large, the system experiences a sudden hardening phe-
nomenon.

To render a basis for the parameteric study, Eq. (1) can be
converted into a nondimensional form:

d2* d*—2 + f— + x = cosotf (3)

where

x = x/x0 t = I/ to > = wt0 = c/^fmk

X2 = Fn =

One purpose of this study is to understand the steady-state
response of the system shown in Fig. 1 . Although this task can
be accomplished by solving Eq. (3) numerically for a suffi-
ciently long period of time, such an approach is inefficient and
computationally expensive. Therefore, an alternate, more effi-
cient approximate method is developed. The direct, long-time
solution then is used only to verify the accuracy of the analyt-
ical results in certain representative cases.

B. Approximate Method
One of the most popular methods for approximating the

frequency response of nonlinear systems is known as the har-
monic balance method in the vibration literature, e.g., Ref.
14, and as the describing function approach in the control
literature, e.g., Ref. 15. Other methods that are used are
known as the equivalent energy balance method, equivalent
linearization, the method of slowly varying parameters, as
well as various perturbation methods. Iwan16 shows that if
these methods are employed correctly then, to first order, they
all yield the same steay-state solution when applied to a fric-
tionally damped system.

The harmonic balance (HB) method will be used here to
establish an approximate steady-state solution. The HB
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method is based on the observation that if the excitation is
periodic, then the response of the system is probably also
periodic and of the same period as the excitation. [This is not
always the case. In some instances, the response can have a
period that is an integer multiple of the excitation or is even
chaotic in nature. A number of numerical simulations using
time integration were conducted that tracked the transient
response in order to check the response of this system (see
Figs. 3-6), and in every case the period of the response was the
same as the period of the excitation.] Therefore, the displace-
ment x can be expanded in a Fourier series. It is assumed that
only the lowest frequency terms are important and x is approx-
imated as

x = A cos0 + B (4)

where 0 = ut — \l/. Note that the offset term B is included to
compensate for the shift due to the static load \{. (An offset
term was also included in the harmonic balance analysis of a
frictionally damped system17 and is required when either the
loading or constraints are not symmetric.)

Consistent with the approximation for x, it is assumed that

Fn=Fb+ Fc cos0 + Fs sin0 (5)

where Fb, Fc, and F5, the usual Fourier coefficients, are given
in Ref. 18. They are omitted here for conciseness since, for the
system under study, separate expressions for the coefficients
must be established for the different ranges of response, i.e.,
no slip, slip but no contact with the stops, contact with one
stop, etc.

To obtain the approximate solution, Eqs. (4) and (5) are
substituted into Eq. (3). After equating the linearly indepen-
dent terms, the phase shift \l/ is eliminated by using the relation
sin2;/' + cos2;/' = I. Then the following two nonlinear algebraic
equations are obtained:

g}(A,B, «) = B + Fb - A, = 0

g2(A,B, co) ̂  [(1 - co2M + Fc]2 + - F5]2 - 1 = 0 (7)

Equations (6) and (7) are solved iteratively to determine the
frequency response of the vibratory amplitude A and the
permanent offset B .

C. Calculation of Resonant Response
By holding the system parameters and the magnitude of the

excitation constant, the resonant vibratory amplitude is de-
fined as values satisfying the constraint

dA
dco = 0 at co = (8)

where com will be referred to as the "resonant frequency." If
we can apply this constraint together with Eqs. (6) and (7), we
should be able to calculate the system's maximum response
without having to perform a frequency search.

Equation (8) is a difficult constraint to use directly. A more
convenient and equivalent constraint is derived as follows.
First, it is observed that A and B are both functions of co.
Consequently, gi and g2 are only functions of co, and from
Eqs. (6) and (7)

dgi = dgi dA ^ dgi dB | dgi = Q

dco dA dco dB dco dco

dg2 = dg2 dA | dg2 dB ^ dg2 = Q

dco dA da) dB dco dco

(9)

(10)

From Eq. (6), we know that 9g,/9co = 0; thus, Eqs. (8) and
(9) imply that at resonance

(6) dB dco (11)

Fig. 3 Vibratory amplitude vs frequency with varied gap length.
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Fig. 4 Vibratory amplitude vs frequency with varied normal load.
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Fig. 6 Effect of static load on frequency response.
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and since from Eq. (6) dgi/dB = 1, we have

dco
at co = (12)

Consequently, Eqs. (7), (8), (10), and (12) imply

y2- = [JtwM - Fs) - 2co[(l - co2M + FC])(2A) = 0

at co = cow (13)

Thus, the three equations that determine the resonant values
A and B at the corresponding resonant frequency of excitation
are

g\(Am, Bm, com) = 0

g2(Am, Bm, cow) = 0

dco

(14a)

(14b)

(14c)

In practice, Eqs. (14) are solved more conveniently in the
following manner. Adding Eq. (7) to Eq. (13), after multiply-
ing the others by cow, we have

FwJ, + Gco2
m + H = 0 (15)

where

F = 5v42 (16a)

G = 3((?-2)A2
n-2AmFc] (16b)

H = A 2 + Ft + 2AmFc + F2 - 1 (16c)

Also, by substituting Eq. (13) into Eq. (7), we have

(<om£4m -Fs)2[l + (f/2com)2] = 1 (17)

Therefore, from Eqs. (6), (17), into (15), the following
iterative equations for calculating the resonant response can
be obtained:

Bm — \\-Fh

Am = [F,

- 4FH

(18a)

(18b)

(18c)

To solve Eqs. (18), group values of Am, Bm, and cow are
first initialized to calculate the Fourier coefficients Fb,Fs, and
Fc. Iterations are then made using Eqs. (18) until Am, Bm, and
com converge.

D. Calculation of Vertical Tangencies
As will be seen, points of vertical tangency can be used to

establish over what range of frequencies multiple solutions can
occur. When the system parameters are constant, vertical
tangency occurs when

dA
"adco °° Or at co - coy (19)

The above constraint in conjuction with Eq. (7) leads to

^ = [(i-A+J6-«>+-'dA [\ ) c\\ dA

+ (u{A - Fs)(u£A - Fs)( coc - -~ } = 0 at «) = co, (20)

Analagous to Eq. (15), we obtain the equation

where

—— F \A2-FS}A

(21)

(22a)

and the frequencies at which jumps occur are obtained by

co = - (23)

Equation (23) together with Eqs. (6) and (7) provide the
basis for calculation of vertical tangencies.

III. Numerical Results
Section III.A shows representative plots of the amplitude as

a function of frequency of excitation and discusses how vari-
ous parameters affect the response. The effects of gap length
on dynamic response are shown in Sees. III.B and III.C.
Section III.B describes the existence of multiple solutions and
how the gap and static preload affect them. The minimum gap
length for multiple solutions and how they are affected by
preload are discussed in Sec. III.C. Lastly, two cases of tran-
sient response are also discussed in Sec. III.C. They show that
the system parameters that dictate the steady-state behavior of
the system also control transient response.

A. Frequency Response
To examine the validity of the approximate method, Eq. (3)

is solved directly using a Runge-Kutta method. The steady-
state response is then obtained from the ''long-time" transient
solution. The results are compared with the ones calculated by
the approximate method. These comparisons are plotted in
Figs. 3-6 in which the discrete symbols denote the transient
solutions and the solid lines represent solutions calculated
from Eq. (6) and (7). These figures show that a good agree-
ment exists between the two approaches.

In Fig. 3, the influence of gap length 5 on the vibratory
amplitude frequency response is shown. For 6 = 0, the system
is linear. For 6-^00, the friction joint is dominated by friction
damping, and the friction linkage behaves plastically. In be-
tween, a transition region exists for a certain range of 6 values
where the system shifts from elastic to plastic behavior. In this
region, the vibratory amplitude A may become multivalued at
some fixed excitation frequencies. A typical case for 6 = 20 is
shown in the figure.

Multiple solutions also can be seen in Fig. 4, in which
amplitudes are calculated for several values of the slip load X2.
For X2 = 2, the system response is single-valued. Multiple solu-
tions are apparent for X2 = 1.0 and 1.5. For X2 = 1.5, the
vibratory amplitude has two disconnected response curves.
For X 2 = l , the response curve becomes connected, even
though points of vertical tangency may remain at frequencies
between 1.035 and 1.04. This implies that for even lower X2
values the system response will become single-valued again.
The physical explanation of this behavior is that at low X2
values, the friction damping has little effect on the system
response that is primarily dominated by the constant stiffness
k and viscous damping c, and consequently the system be-
haves nearly linearly. For high X2 values, the friction element
is partially stuck due to the stronger friction resistance. Under
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Fig. 7 Resonant vibratory amplitudes as affected by excitation.

0.6

0.5

0.4
O)

<
(iT
GO

o
u

0.3

0.2

0.1

0.0
10020 40 60 80

VIBRATORY AMPLITUDE, A

Fig. 8 Effect of static preload on the resonant amplitude response.

this condition, neither of the limit stops is hit during the
motion cycle. As a result, the energy dissipation per cycle
monotonically increases with amplitude, and the system re-
sponse is stable. For normal loads in the median range, as the
cases of X2 = 1.5 and 1.0 shown in the figure, the limit stops
are hit by the element during the motion cycle. Under these
conditions, the system response becomes metastable due to the
fact that the energy dissipated by friction per cycle cannot
increase because of the limit stops, whereas the element stiff-
ness significantly increases with amplitude. This results in the
multivalued response indicated in Fig. 4.

Multivalued behavior is also seen in Fig. 5, in which the
amplitude is calculated for two stiffness ratios kd/k. A region
having multiple solutions is seen for kd/k =0.25, where a
disconnected closed curve occurs. The appearance of discon-
nected regions in the more general system model analyzed here
agrees well with those observed by I wan.13

The effect of static preload Xj on the vibratory amplitude
frequency response is shown in Fig. 6. The static preload
causes a permanent offset represented by the symbol B, as
indicated in Eq. (4). When the system is excited by a large
excitation force at the resonant frequency, both limit stops
(shown in Fig. 2) are hit during the motion cycle, and the
offset has little effect on the vibratory amplitude. However, at
some off-resonant frequencies, the response is sufficiently low
that there is a difference in the response. Without the static
preload, the limit stops would not be encountered during the
motion cycle. However, once the static load is applied, the
permanent offset thus generated adds to the dynamic displace-
ment and causes the friction element to hit one of the stops
and reduces damping in the system. Consequently, the vibra-
tory amplitude increases at off-resonant frequencies as illus-
trated in the figure. For low excitation force, the static load
may even raise the maximum amplitude of the system.

Thus, it is seen that under certain conditions static preload
can have a significant effect on vibratory response. For some
excitation, the presence of a large static load may even elimi-
nate the multivalued response and stabilize the system. This
means that gravitational effects may strongly affect the dy-
namic response of structures that are ground tested and their
behavior might be quite different from the actual response
that would occur in space. Therefore, this effect needs to be

carefully analyzed in order to interpret laboratory test data
properly so as to predict the response of the full-scale structure
in space.

B. Effect of Gap Length on the Existence of Multiple Solutions
In this section, we establish a procedure for calculating the

range of gap lengths for which multiple, disconnected solu-
tions exist. We do this by reconsidering the equations for
maximum response given in Eqs. (18). The presence of multi-
ple solutions is primarily due to the nature of Eq. (18b). This
can be seen by using the following ploy. First, rearrange Eq.
(18b) into the following form:

1
(24)

which says that, at resonance, — Fs is equal to the function gs
as defined in Eq. (24). In addition, at resonance, A,B, and com
must satisfy Eqs. (18a) and (18c). From Eq. (18a), B can be
calculated as an implicit function of A and from Eq. (18c), com
can be determined as an implicit function of A . From Ref. 18,
the specific functional form of Fs can be written, and by using
B(A) we can plot Fs as a function of A alone that satisfies
both Eqs. (18a) and (18c), i.e., FS(A) = Fs[A,B(A)]. Simi-
larly, from Eq. (24) we can plot gs(A) = gs(A) = gs [A, um(A)]
that satisfies Eqs. (18a) and (18c). Then from Eq. (24) we
know that Eqs. (18a-18c) are satisfied and that we have reso-
nance at points where the two functions intersect. Plots of the
functions are shown in Figs. 7 and 8 for a range of values of
f0 and \i, respectively. (In these figures, we use the dimen-
sional parameters f0 and A so as to more easily discuss the role
of excitation on the response A = A -f0/k.)

It is now apparent under what conditions multiple solu-
tions occur. The function gs is almost a linear function of A
because the resonant frequency is nearly constant (approx-
imately 1.0). In Fig. 7, it is clear that for different excitation
levels, an unstable region of two disconnected amplitude-re-
sponse curves exists between points cl and c2. This is indicated
by the three resonant amplitudes shown in the figure: the
upper two values are the maximum and minimum amplitudes
of the upper closed-response curve, whereas the lowest one is



SEPTEMBER 1989 HOW GRAVITY AND JOINT SCALING AFFECT DYNAMIC RESPONSE 1285

the maximum amplitude of the lower response curve. Physi-
cally, point cl indicates the maximum excitation for which the
stable response is obtained. In this situation, usually only one
of the limit stops is encountered by the friction element during
the motion cycle. This indicates that for constant excitation f0
a critical gap length 6cr exists beyond which the response
remains unchanged. With this understanding of the process,
6cr can be obtained by the geometric requirement at point cl
that the slopes of the curves as well as their values are equal,
i.e.,

-Fs=gs (25)

when B is constant.
Point c2 indicates the maximum excitation for disconnected

solutions to appear. Alternatively, for constant excitation f0,
this point denotes the minimum gap length bm for which the
system has disconnected amplitude solutions. It can be in-
ferred that the point c2 is where the friction element touches
both of the stops at the lower resonant amplitude. Therefore,
the gap length dm can be determined from the equation

(26)

where A00 = the resonant amplitude at 5 = oo.
The effect of static preload on the region where the discon-

nected solutions occur is depicted in Fig. 8. It is apparent that
the static load tends to play an on/off role on this region.
When this load is below a certain value, only the lowest
resonant amplitude is affected and the response remains dis-
connected. Once this load is raised above a critical value (20 in
the case shown), the amplitude solutions become single val-
ued.

C. Minimum Gap Length for Vertical Jumps
As was discussed in the last section, disconnected solutions

exist between limit gaps 6cr and 5m. For gap length less than dm,
the system response becomes connected; however, multiple
solutions may still exist corresponding to connected response
curves of the type depicted for 6 = 20 in Fig. 3. Thus, multiple

solutions can occur until the gap is further reduced below a
limit 67.

The response depicted in Fig. 9 may be used to illustrate this
argument. The locus of vertical tangencies is presented in
broken lines that define a closed region. In this plot, the
excitation f0 is varied while the gap is kept constant. The
intersections of the response curves and the locus indicate
where individual vertical tangencies occur. In the figure, it is
clear that vertical tangencies only occur when the limit stops
are hit during the motion cycle. They disappear when the
excitation f0 is large enough that the response curve passes
beyond point a\ or a2 (whichever is crossed secondly). At
constant excitation, we may define a limit gap 67. If 6 is less
than 6j9 then the solution is single-valued. Its value can be
obtained by calculating under what conditions the response
curve intersects the locus at either point a\ or a2 (whichever
leads to the smaller fy). The choice between points a\ or a2 as
the crossing point is affected by the stiffness kd/k. When the
stiffness kd/k is large, the response curve is more slanted to
the left and point a2 will be passed by first as the gap length is
reduced. The point a\ is then the intersection used to deter-
mine the limit gap 6/, and vice versa.

In Fig. 10, the effect of static preload on the jump locus is
depicted. It is seen that the closed region of the jump locus
shrinks as the load is increased. At the same time, the jump
limit gap 6/ is raised in value.

The limit gaps 6cr, 5m, and 6, as functions of the slip load X2
are shown in Fig. 11. As shown in the plot, three regions exist.
When the slip load approaches zero, regions II and III shrink,
and all the limit gaps <5cr, dmj and 6/ tend to infinity. The
system response then becomes linear. At a large scale value of
X2, limit-gap curves 6cr and dm coincide, and the disconnected
response (region II) disappears. However, the region of con-
nected, multiple solutions (region III) remains until X2 reaches
a sufficiently large value so that the friction element becomes
stuck and the gap no longer affects the response.

D. Effects on the Transient Solutions
One reason for studying the system's steady-state behavior

is to gain a better understanding of its transient response. We
have been examining conditions under which the steady-state
response may exhibit multiple solutions. These conditions also

110

100

1.010 1.015 1.020 1.025 1.030 1.035 1.040 1.045 1.050

FREQUENCY
Fig. 9 Locus of vertical tangencies in the frequency domain.
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Fig. 10 Locus of vertical tangencies as affected by the static load.
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affect transient response. For example, when the system
parameters are such that it has multiple solutions, then alter-
ing slightly one of the parameters can lead to quite different
transient response.

In Fig. 12, the amplitudes of two systems are plotted as
functions of time. One case corresponds to d = 23 and the
other to 6 = 30. For short times the responses are identical.
However, for longer times they differ radically. It is known
from the previous sections that, for conditions corresponding
to multiple solutions, different initial conditions may lead to
different vibratory amplitude at the steady state. In the previ-
ous section, we showed that the gap length also affects the
presence of multiple solutions. Consequently, even for the
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Fig. 13 Effect of static load on the transient respone.

same initial conditions, changes in the gap length can lead to
quite different transient responses.

The effect of static preload is illustrated in Fig. 13. In this
case, the preload accentuates the response for short times and
attentuates it later.

These results relate to the ground testing of scale models of
large space structures. They indicate that a larger gap may
reduce the amplitude of response, whereas an applied static
load may produce an opposite effect. Compared to the full-
scale structure, the scale model tends to have larger joint
tolerances relative to its smaller overall size. In addition, a
large static preload (due to gravity) may be present during
ground testing. Since these two factors sometimes contribute
opposite effects, they have an unknown qualitative and quan-
titative effect on the test results. This indicates the need for a
careful analysis of the experimental data in order to predict
properly the response of the full-scale structure in space.

IV. Conclusions
It has been found that under certain conditions the vibra-

tory amplitude of the system may become multivalued over a
range of excitation frequencies. A large jointed structure may
have significant variations in the joint properties from joint to
joint due to machining differences. As a result, some of the
joints may experience the conditions that lead to multivalue
response. Consequently, it may be difficult to get repeatable
experimental results since the structure may settle into differ-
ent patterns of response depending on fairly subtle aspects of
how the loads are applied. The difficulty is intensified for
laboratory tests of scaled models of space structures since the
scatter in the joint's free play is relatively larger with respect to
the smaller dimensions of the model joint.

This work also shows that under some conditions the pres-
ence of static preloads may affect significantly the system's
dynamic response. In this case, if a large structure is ground
tested, it may be necessary to first correlate the data with an
analytic model of the structure that includes preload effects,
and then eliminate the preloads in the model and predict its
behavior in space.

Lastly, it should be noted that our results suggest that if the
space structure is more flexible, it may, in fact, have less
problems. This is because if the structure is flexible, then ks in
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Fig. 1 is small and, as a result, one can observe from Eq. (1)
that kd/k tends to be small. From Fig. 5, it is clear that
reducing kd/k reduces the strength of the nonlinearity and
tends to make the system respond in a single-valued manner.
To what extent this would actually alleviate the problems we
have discussed would depend on the specific attributes of the
system under consideration.
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